Einstein gravity supplemented by a scalar field non-minimally coupled to a Gauss-Bonnet term provides an example of model of scalar-tensor gravity where hairy black holes do exist. We consider the classical equations within a metric endowed with a NUT charge and obtain a two-parameters family of Nutty-hairy black holes. The pattern of these solutions in the exterior and the interior of their horizon is studied in some details. The influence of both -the hairs and the NUT charge-on the light-like geodesics is emphasized.
Introduction
Evading the 'No-Hair-Theorem' for black holes in General Relativity -and its numerous extended versionshas constituted a challenge for a long time. One issue consits in supplementing gravity by an appropriate matter sector like the Skyrme lagrangian [1] . Recently several kinds of hairy black holes have been constructed with a simpler matter sector : scalar fields.
Both cosmological and astrophysical observations suggest the presence of scalar fields in the models attempting to describe the Universe in its early (inflaton, dilaton) or actual stage (dark matter). These scalar fields could be fundamental ( although not yet directly observed) or effective, modelling the effects of more involved -but still unknown-phenomena on space-time and standard particles. These considerations, namely, motivate the extension of standard formulation of General Relativity (also called tensor gravity) to the most general scalar-tensor gravity theory.
The first general construction in this direction was achieved by G. Horndeski in [2] where the condition of second order equations is imposed throughout. Recently, new families of scalar-tensor theories, the so called Galileon [3] and generalized Galileon [4] , have been proposed with different motivations and contexts (for a review see e.g. [5] ). In particular, these theories require a symmetry of the Lagrangian under the shift symmetry φ → φ+C where φ denotes the scalar field and C a constant. In four dimensions [6] , the generalized Galileon theory has been shown to be equivalent to the Horndeski theory. The generalized Galileon theory is quite general, involving the different geometric invariants and depending of several arbitrary functions of the kinetic terms ∂ µ φ∂ µ φ. A no hair theorem of black hole for generic forms of the Galileon theory, assuming static spherically symmetric spacetime and scalar field, was established [7] . However, as shown in [9, 10] a few specific choices of the Galileon lagrangian allow for hairy black holes to exist.
The hairy black holes constructed in the framework of Galileon gravity have a real and massless scalar field and can be static. Independently of the shift symmetry of the scalar field hypothesis, another class of models that retained a lot of attention is the Einstein-Gauss-Bonnet-Dilaton theory where hairy black holes can be constructed as well [11, 12] .
Hairy black holes have been constructed within Einstein gravity coupled to a complex scalar field in [13] (see also [14] for a review). In this case, the scalar field needs to have a mass and the black hole exists only when it rotates quickly enough.
In the long history of classical solutions of General Relativity, the so called 'NUT solution' [15] is certainly one of the most intriguing. In the absence of matter fields, the NUT solution is a generalisation of the Schwarzschild black hole characterized by a new parameter : the so called NUT charge n. Although purely analytic, the NUT space-time presents peculiarities [16, 17] that makes that its physical interpretation is, till now, a matter of debate. In particular, the solution presents a Misner string singularity on the polar axis and the corresponding space-time contains closed timelike curves. Various arguments rehabilitating space-time with a NUT charge are proposed namely in [18] . In spite of the difficulty of finding a global definition of the NUT space-time, the solution possesses many remarquable properties; namely : (i) like the Kerr solution, it is stationnary but non-static due to non-vanishing g tϕ metric term; (ii) it can be extended analytically (i.e. without curvature singularity) in the interior region by mean of a TAUB solution.
Likely for these reasons, several authors (see namely [19] , [20] ) have considered the NUT parameter as a possible ingredient of some astrophysical object and have studied its effect on geodesics in NUT spacetimes. Another application of the NUT parameter was proposed recently in [21] to obtain families of non trivial, spherically-symmetric solutions of the Einstein-Chern-Simons gravity coupled to a scalar field. Such a construction was possible by taking advantage of the stationnary character of the underlying metric.
In this paper we extend the construction of the hairy black holes of [10] by including a NUT parameter in the metric. We show that Nutty-hairy-black holes exist in a specific domain of the NUT charge and Gauss-Bonnet parameter. A special emphasis is set on the way the NUT charge affects the solution in the interior of the black hole. Also, we study the influence on the light-like geodesic of both the presence of the scalar field and of the NUT charge. It is found in particular that, mimicking a rotation, the NUT charge leads to a non-planar drift of the trajectories.
The paper is organized as follows. In Sect. 2 we present the model, the ansatz for the metric, the boundary conditions of the ensuying classical equations and sketch the form of a pertubative solution. The non-perturbative solutions, obtained with a numerical method, are reported in Sect. 3. The influence of the Gauss-Bonnet gravity term and of the NUT parameter on the light-like geodesics are emphasized in Sect. 4 and illustrated by some figures. Conclusion and perspectives are given in Sect. 5.
The model

The Gauss-Bonnet modified gravity
The modified theory that we want to emphasize was studied namely in [10] as a particular case of the general scalar-tensor -galileon-gravity. It can be defined in terms of its action:
where the Einstein-Hilbert term is given by
the Gauss-Bonnet term is given by
the scalar field term is given by
In these equations, κ −1 = 16πG, γ and β are dimensional coupling constants, g is the determinant of the metric, ∇ µ is the covariant derivative associated with g µν , R is the Ricci scalar and the volume integrals are on the manifold V. The scalar field φ is in principle a function of spacetime. In the case φ = const., the Gauss-Bonnet modified gravity would reduces identically to GR since, as well known (see e.g. Appendix B in [10] ), the Gauss-Bonnet action density (2.3) can be expressed as a divergence.
The equations of motion for this model read
where G µν = R µν − 1 2 g µν R is the Einstein tensor, the tensor
results from the variation of the Gauss-Bonnet term and T µν is the energy-momentum tensor of the scalar field,
The vanishing of the variation of the action also leads to an extra equation of motion for the Gauss-Bonnet coupling field, namely 
The metric
We consider NUT-charged spacetimes [15, 16] whose metric can be written locally in the form
the NUT parameter n being defined as usually in terms of the coefficient appearing in the differential dt + 4n sin 2 (θ/2)dϕ. Here θ and ϕ are the standard angles parametrizing an S 2 with ranges 0 ≤ θ ≤ π, 0 ≤ ϕ ≤ 2π. Apart from the Killing vector K 0 = ∂ t , this line element possesses three more Killing vectors characterizing the NUT symmetries
10)
These Killing vectors form a subgroup with the same structure constants that are obeyed by spherically
The n sin 2 (θ/2) term in the metric means that a small loop around the z−axis does not shrink to zero at θ = π. This singularity can be regarded as the analogue of a Dirac string in electrodynamics and is not related to the usual degeneracies of spherical coordinates on the two-sphere. This problem was first encountered in the vacuum NUT metric. One way to deal with this singularity has been proposed by Misner [17] . His argument holds also independently of the precise functional form of N and A. In this construction, one considers one coordinate patch in which the string runs off to infinity along the north axis. A new coordinate system can then be found with the string running off to infinity along the south axis with t ′ = t + 4nϕ, the string becoming an artifact resulting from a poor choice of coordinates. It is clear that the t coordinate is also periodic with period 8πn and essentially becomes an Euler angle coordinate on S 3 . Thus an observer with (r, θ, ϕ) = const. follows a closed timelike curve. These lines cannot be removed by going to a covering space and there are no reasonable spacelike surface. One finds also that surfaces of constant radius have the topology of a three-sphere, in which there is a Hopf fibration of the S 1 of time over the spatial S 2 [17] . Therefore for n different from zero, the metric structure (2.9) generically shares the same troubles exhibited by the vacuum Taub-NUT gravitational field [8] , and the solutions cannot be interpreted properly as black holes.
The vacuum Taub-NUT one corresponds to
It presents an horizon at r = r h where M = (r 2 h − n 2 )/(2r h ). In the following section, we will study how these closed form solutions get deformed by the Gauss-Bonnet term.
Gauge fixing and boundary conditions
Up to our knowledge, the system above does not admit closed form solutions for γ > 0. The solutions can then be constructed either perturbatively (for instance using γ as a perturbative parameter) either non perturbatively by solving the underlying bounday-value-differential equations numerically. For the numerical integration, the 'gauge' freedom associated with the redefinition of the radial coordinate r has to be fixed. We found it convenient to fix this freedom by setting P (x) 2 = x 2 + n 2 and to note x the radial coordinate defined this way. The anzatz is then completed by assuming the scalar field of the form φ(x µ ) = φ(x). The Einstein-Gauss-Bonnet-Klein-Gordon equations can then be transformed into a system of three coupled differential equations for the functions F (x), A(x) and φ(x). The equations for the metric functions are of the first order while the Klein-Gordon equation is, as usual, of the second order.
Our goal is to construct regular solutions presenting (like black holes) an horizon at x = x h , the analyticity of the solution at the horizon needs the following condition to be imposed :
(the last relation is imposed by using the invariance of the theory under the translations of the scalar field); these three relations are completed by a fourth conditions at infinity, namely A(∞) = 1. Also, the equations are invariant under the following rescaling by the parameter λ
This symmetry can be exploited to fix one of the three parameters x h , n, γ to a particular value, reducing by one unit the number of parameters to vary. We will use it by setting x h = 1 throughout the rest of the paper.
In the asymptotic region, the fields obey the following form :
The perturbative expansion depends on the two 'charges' M and P which are determined numerically.
Invariants
For later use, we mention the Ricci and Kretchmann invariants for the metric (2.9)
where the prime means the derivative with respect to x. The expression for the Kretschmann invariant is much longer and we do not write it.
In the case of the vacuum NUT solution (2.11) the Ricci scalar is identically zero while for the Kretschmann invariant we find
Perturbative expansion.
The Einstein-Gauss-Bonnet equations can be attemted to be solved perturbatively in powers of the Gauss-Bonnet coupling constant γ. The perturbation has the same form as in the n = 0 case [10] :
Already at the first order, the form of the scalar field is rather involved although easy to construct :
20) For simplicity have written the derivative φ
′ which is the function entering effectively in the lagrangian. The integration constant was fixed in such a way that the field is regular at x = x h . The above expression is regular at x = 0 for n > 0 and coincides with [10] in the limit n → 0. Confirming the non-pertubative results discussed in the next section, the Taub-Nut parameter regularizes the scalar field at the origin. The form of ∆N and ∆A is much more involved and will not be reported here. However, for a purpose of a crosscheck of the numerical result, we mention that these functions are singular in the limit x → 0; for instance, we find ∆A = Γ/x 2 + o(1/x) where Γ is a function of n.
Numerical results
The system of differential equations above cannot be solved explicitely for generic value of the three external parameters x h , γ, n. We therefore used a numerical routine to construct the solutions. The subroutine COLSYS [22] based on collocation method with a self adapting mesh has been used for the computation.
The integration proceeds in two steps. First, we solve the equations for x ∈ [x h , ∞] with a particular value for the three parameters x h , γ, n. This provides, in particular, the values of the fields and their derivatives at x = x h with the accuracy demanded. Then a second integration is performed to determine the form of the solutions in the interior region by using the data at x = x h as an initial value.
As stated already, the symmetry (2.13) will be exploited to set x h = 1. This choice of the scale allows for the two known limits γ → 0 and n → 0 to exist in a continuous way.
Case n = 0
The first problem is to determine how the vacuum solution (2.11) is affected by the scalar field through the non minimal coupling to the Gauss-Bonnet term. This was the object of Ref.
[10] but we briefly summarize this result for completeness. Setting γ = 0; the non homogeneous part in the equation for the scalar field φ enforces this function to be non trivial. Remark that, since the initial Lagrangian depends on the product γφ, only the case γ > 0 needs to be emphasized.
The corresponding 'Hairy-solution' is be characterized, namely, by the values φ
, φ ∞ as well as by mass M and the charge P . These parameters are determined numerically; M and P read off from the asymptotic decay of the fields (2.14). Some of these parameters are reported as functions of γ on the left side of Fig. 1 . In this case the regularity of the solutions on the horizon requires
implying in particular γ ≤ γ max = 1/ √ 12. The branch of solutions connecting to the vacuum in the limit γ → 0 corresponds to the +1 sign. A branch of solutions corresponding to the −1 sign exists as well and is represented partly on the figure. It is very likely that this branch can be continued for smaller values of γ but the numerical computation of the second branch appeared to be tricky, alterating the numerical accuracy of the results. On the figure we limited the data of this branch to the values with a reliable accuracy. The profile of the solutions for n = 0 and γ = 0.15 is presented on the right side of Fig. 1 . As pointed out in [10] , the integration of the equations in the interior region shows that the metric and scalar functions are limited in a region x c < x < ∞. The value x c corresponds to a critical radius where the derivatives of the fields and -by a consequence-the metric invariants R, K diverges. In the case of Fig. 1 , we find x c ≈ 0.8375. The dependance of x c on γ was presented in [10] but it is reproduced by means of the black line on Fig. 2 for the sake of comparison with the case n > 0.
Case n > 0
We now discuss the solutions obtained for n > 0. In the exterior region, the family of solutions corresponding to a fixed n and varying γ present qualitatively the same features as in the case n = 0. One quantitative difference with respect to n = 0 solutions is related to the fact that the condition of regularity (2.12) now depends on the value A(x h ); since this is determined numerically, the value γ max cannot be determined analytically for n > 0. The value γ max increases slightly with n; we have γ max = 1/ √ 12 ≈ 0.2886 for n = 0 and we fins γ max ≈ 0.3 and γ max ≈ 0.36 respectively for n = 0.25 and n = 0.50, as sketched on Fig. 2 . Note : the reason the lines stop will be discussed in the next section.
Interior Because the vacuum (2.11) NUT solution is everywhere regular in the interior region r < r h , the question of the structure of the Nutty-hairy black holes for r < r h raises naturally. The pattern is not so simple due to a double critical phenomenon which we now explain.
Fixing n > 0 we know that the vacuum solution (2.11) is regular for x ∈ [0, ∞]. Increasing gradually the coupling constant γ, (with n > 0 fixed), the numerical results strongly suggest that the hairy-nutty-black hole is regular for x ∈]0, ∞]. In the limit x → 0, our results indicate in particular N (x) → −∞ while the scalar field remains finite in agreement with the perturbative expression 2.18. The corresponding Ricci scalar (and the other invariants) also diverge to infinity, confirming the occurence of a naked singularity at We now discuss the second singularity: again with n fixed and increasing of γ reveals another peculiarity of the nutty black holes in the interior region. The results indicate that, apart from the singularity at the origin, a second singularity appears at a intermediate radius, say at x = x c (with 0 < x c < x h ) when the Gauss-Bonnet coupling constant approaches a critical value, γ → γ c . For example, for n = 0.25 and n = 0.5, we find respectively γ c ≈ 0.065 and γ c ≈ 0.238; this further explain why the lines on Fig. 2 
stop suddently.
This phenomenon is not so easy to detect from the numerical solutions and is manifest only through a carefull examination of the derivatives of the metric fields A and N . As an illustration we plot on 
Geodesics around hairy, nutty black holes
In this section we study the geodesics in a nutty-black hole space-time with a special emphasis on the effects of the NUT charge and of the Gauss-Bonnet coupling term. We first describe the generic properties of the curves and then use an analogy with classical mechanics to study the possible motions in the equatorial plane.
Equations and constants
We parametrize the geodesics by means of the functions
where λ is an affine parameter. The equations of geodesics in the space-time of a black hole such as constructed in the previous section can be set as follows :
where˙denotes the derivative with respect to λ and
The metric functions N (R(λ)), A(R(λ)), . . . are obtained numerically (see the previous sections). The above equations are solved with the initial conditions:
where k t is related to the energy of the particle along the geodesic, k r is essentially its radial velocity, and k θ , k ϕ are angular velocities. The quadrivectorẊ is subject to the the conditionẊ µ g µνẊ ν = ǫ with ǫ = 0, 1, −1 respectively for lightlike, time-like and space-like geodesics. Note thatẊ is nothing else than the wave vector when the affine parameter is the proper time along the geodesic. The constraint fixes the energy of the particle once the 3-momentum is fixed.
Using the fact that ∂ t and ∂ ϕ are Killing vectors, one can find two constants of motion along the geodesics. DenotingẊ = Ṫ ,Ṙ,Θ,Φ the 4-velocity along a geodesic, the constants obtained with ∂ t and ∂ ϕ read respectively:
The constant E might be interpreted as the energy of the particle moving along the geodesic and L as an analogue to the third component of the angular momentum of the particle. The above relations can then be used to express the the quantitiesṪ andΦ in terms of the functions R, Θ and the constants E, L :
As a consequence, the system of four equations above reduces to the two equations corresponding to the functions R and Θ. These equations are lengthy and we do not write them here.
Generic motions
We haved solved numerically the geodesic equations for several values of the parameters n, γ and of the initial conditions (4.22). Let us first present families of geodesics highlighting the effects of the GaussBonnet parameter γ and of the nut charge n. Examples of light-like geodesic with fixed wave-vector are shown in figure 5 for two values of n and several values γ. Let us first discuss the top part of Fig. 5 corresponding to n = 0. The same set of geodesics seen from different points of view are shown : the left side represents the equatorial (or XY ) plane, in grey, while the right side represents the YZ plane with the OZ axis figured out by the dashed line. We see in particular that the photons evolve in a plane for all values of γ. The Gauss-Bonnet coupling constant just changes the curvature of the different lines; increasing γ the black hole becomes "more and more attractive" since the lines become more and more curved.
The bottom part of Fig. 5 corresponds to n = 1.0. Here the trajectories cease to be planar. This could be expected since, turning on the NUT parameter one also turns on the (tϕ) component of the metric. Consequently, for n = 0, we deal with a stationary non-static space-time. This case is similar to the case of a rotating black hole for which frame-dragging effects are well known. Figure 6 confirms that trajectories do not lie in a plane for n = 0 and that an increasing the NUT parameter causes an increase of the geodesics curvature and torsion (defined as usually for curves).
The statement above is further illustrated in figure 7 where various trajectories are shown for two values of n and γ = 0.1. For n = 0, the frame-dragging effect is clearly seen on the right part of the figure. Let us highlight that the purpose of this figure is to reveal the global frame-dragging feature rather than quantitative details. In order to be exhaustive, analogous results for other setups are shown in the appendix.
Motion in the equatorial plane
We now investigate the possibility of geodesic motion in the equatorial plane (i.e. Θ(λ) = π 2 ∀λ). For this purpose, we fix as initial conditions Θ(0) = π 2 andΘ(0) = 0. The relevant conditions are then obtained through the equation of the Θ function which turns out to be :
Then :
The planarity of trajectories for n = 0 was already pointed out; the other two solutions, which somehow are a priori unexpected, are worth to be examined. In order to understand what happens in these cases, we have to examine the equation of the R function. One can look directly at theR equation or, equivalently, use the conditionẊ µ g µνẊ ν = ǫ together with Θ(λ) = π 2 and the equations (4.25) and (4.26) to obtain :
where
The equation above can be studied by using the techniques of classical mechanics. The motion is only possible in the regions where U (R; n, E, L 3 ) ≥ 0 so a study of the properties of the "potential" U (R; n, E, L 3 ) will give us all the necessary information to classify the geodesics living in the equatorial plane. Les us emphasize that eq. (4.27) is relevant iff (n = 0 ∨ E = 0 ∨ L 3 = 0).
Case ǫ = 0
Considering the case n = 0, one should impose E = 0 or L 3 = 0.
When E = 0 and L 3 = 0, we must deal with
Since N (R) ≥ 0 in all the exterior spacetime U (R; n, 0, L 3 ) ≤ 0 so there is no possible motion with E = 0. If E = 0 and L 3 = 0, we must work with
So the motion is always possible for all values of R and the light rays might fall in the black hole or be diffused, but no bounded trajectory is possible.
The case E = 0 and L 3 = 0 is irrelevant since in this case equation (4.25) imply T ′ = 0. If we now look at the case n = 0, then L 3 = L and
When E = 0 and L 3 = 0, E = 0 and L 3 = 0 or E = 0 and L 3 = 0 the analysis is identical as in the case n = 0 but, since n = 0, one might also consider E = 0 and L 3 = 0. This case is the most relevant one. Figure 8 show the shape of U (R; 0, E, L 3 ), which is the same for all values of E and L 3 . Actually, since A(r) is a non-zero constant at the horizon (where N vanish) and then go extremely quickly to one, we have : and
Then the shape of the curve is due to V (R) and the energy acts like a shift constant. For a given value of L, if E 2 is sufficiently small (smaller than V (x m ), where x m is the minimum of V ), U (R; 0, E, L 3 ) possesses two zeros, x 1 and x 2 with x 1 < x 2 , is negative between those values and positive elsewhere, just as in figure 8 . Consequently, there are two possible types of motions : if R(λ = 0) < x 1 , the light ray will be absorbed by the black hole (even ifṘ(0) > 0) and if R(λ = 0) > x 2 , the particle will diffuse (even ifṘ(0) < 0).
, the curve has the same shape but is always positive. The photon will then be absorbed ifṘ(0) < 0 and diffused ifṘ(0) > 0.
Between those situations (when E 2 ≈ V (x m )), fine tuning the energy, there is a limit such that the "potential" admits a unique zero equal to its minimum. In this limit unstable circular motions are possible.
To conclude this section, let us mention that the argumentation above is valid for all the accessible 1 values of γ. Actually, the dependence of the system with respect to γ is hidden in the metric functions A and N . We then proved that the presence of the term φG in the action does not change qualitatively the behavior of the null-geodesics regarding the Schwarzschild case. This last statement is generic when n = 0 since we can impose that the movement occurs in the equatorial plane without loss of generality. Note that when n = 0 and γ = 0, the situation should reduces to the Schwarzschild scenario; that is A(r) = 1 and N (r) = 1 − 2M r . Using those expressions for A and N , one can easily check that (4.27) reduces to the equation for null-geodesics in Schwarzschild background, see for example [23] .
Case ǫ = 1
One of the distinguished properties of the massive case with respect to the massless case is the existence of stable circular orbits for large enough values of the angular momentum L. This is a well known property in the Schwarzschild case: in our units, we find that circular stable orbits exist for L 2 ≥ 3, the smalest stable circular orbit is reached for L 2 = 3, corresponding to R c = 3. We have checked that this feature persists for non vanishing values of γ and n. Setting γ = 0, we find that the smalest circular stable orbit exist for L ≥ L c (n) where L c (n) slightly decreases while n increases (e.g. L c (n = 1) ≈ (2)), the radius R c increases and diverges for n → 1. These values do not vary significantly when the parameter γ is increased. The effective potential in the region of the stable circular orbit is shown on Fig. 9 for L 2 3 = 2 and two values of the parameters n and γ. The variation of the potential valley due to the changes of n and of γ can be appreciated on the picture. 
Conclusion
In this paper we have investigated the effects of a NUT charge on the family of hairy black holes existing in the Einstein-Gauss-Bonnet gravity extended by a scalar field coupled to the Gauss-Bonnet term. The underlying solutions of the equations form Galileon. The solutions of [10] are smoothly deformed by the NUT charge but affect non trivially the singularity structure in the interior of the solution. We have characterized the geodesics of massless and massive test particle in the space-time of the underlyng galileon, finding that the NUT charge allows for non planar geodesic. The possibility of stable circular orbit occuring the in 'minimal' Schwarzschild limit persists in the presence of both the NUT charge and the Gauss-Bonnet interaction.
Appendix
This appendix provide several plots completing the illustrations of the situation described in section 4. Figure 10 emphasizes the fact that the photon evolve in a plane if and only if n = 0, for all values of γ. Figure 11 shows various trajectories for a fixed value of ϕ s and for several values of θ s . We can clearly see in this plot that when n = 0 the spacetime is not symmetric under the transformation θ s → π − θ s .
Completing figure 7 , figure 12 illustrates the influence of the Gauss-Bonnet parameter on the curvature of light rays for fixed value of the NUT parameter. As in figure 7 the purpose of the picture is not to show in details where go each geodesic. The two cases look qualitatively similar and are analogous to the lower plots in figure 7 . Nevertheless, looking at the right parts, one can see that the frame-dragging effect is influenced by γ since the four photons absorbed by the black-hole near the centre of the picture are not absorbed at the same spot. 
